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The energy E(G) of a graph G is defined as the sum of the absolute values of all the
eigenvalues of the adjacency matrix of the graph G. This quantity is used in chemistry
to approximate the total -electron energy of molecules and in particular, in case G is
bipartite, alternant hydrocarbons. In this paper, we show that if G = (V1, V5; E) is a
bipartite graph with m > nj edges and |V|| = ny| > ny = |V3|, then

EG < 2" 2 s 1m— m?
N 2 niny

E(G) < Jna(l + /)

and

must hold.
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1. Introduction

Let G be a graph on n vertices and A(G) be the adjacency matrix of G.
The eigenvalues A; > Ay > --- > A, of A(G) are called the eigenvalues of G.
The energy of G, denoted by E(G), is defined as

n

E(G) =D Ihl.

i=1

In chemistry, the energy of a graph is of interest since it can be used to
approximate, the total m-electron energy of a molecule (see [2, 6, 7, 9]).

A graph G = (Vi, V»; E) is a bipartite graph with vertex classes V| and V;
if V(G) =V UV, ViNnV,=® and every edge joins a vertex of V| to a vertex
of Vz.
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In 1971, McClelland [13] gave a upper bound for the energy of a conjugated
hydrocarbon with n carbon atoms and m carbon-carbon bonds, that is

E(G) < v2mn. (1.1)

After McClelland’s bound, numerous other bounds for E(G) which contain
parameters other than n and m or are restricted to special classes of conjugated
hydrocarbons were given (see [1, 4, 5, 8]).

Recent upper bounds for E(G) depending only on n (the number of carbon
atoms) and m (the number of carbon-carbon bonds) are as follows:

Koolen et al. [10] proved that for a conjugated hydrocarbon,

2
EG) < 2—m+J(nl)(2m(2—m) ) (1.2)
n n

and
1
£G) < A (13)
must hold.
In the case of alternant hydrocarbons, Koolen and Moulton [12] proved
that
2 2m\?
E(G) <2(—m) +J (n—2)(2m—2(—m) ) (1.4)
n n
and
n
E(G) < — (V2 + ). 1.5
7 (1.5)

Note 1. In [11], Koolen and Moulton proved that bound (1.2) is always better
than bound (1.1). For a alternant hydrocarbon, by direct calculation, it is easy to
see that bound (1.4) is always better than bound (1.2) and bound (1.5) is always
better than bound (1.3).

In this paper, we show that for a bipartite graph (corresponding to an alter-
nant hydrocarbon) G = (Vy, V»; E) with m > ny edges and |Vi| = n| > ny = | V5|,
then

EG) <

2m m?
+2./(ny—1) (m — )
Jninz ninp
and

E(G) < /mina (14 /n2).
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2. Lemmas and results

Lemma 2.1. [3] Let A be a real symmetric matrix with eigenvalues pu; > up; >

-+« > u,. Given a partition {1,2,...,n} = A{UAU---UA,, with |A;| =n; > 0,
consider the corresponding blocking A = (A;;), so that A;; is an n; x n; block.
Let ¢;; be the sum of the entries in A;; and put B = (%’) (i. e, %’ is an average
row sum in A;;). Then the spectrum of B is contained in the segment [, p1].

For any graph G with n vertices and m edges, it is a well-known fact that [3]
AL > —. 2.1
n
Furthermore, for a bipartite graph, we have the following:

Theorem 2.1. Let G = (Vy, V,; E) be a bipartite graph on n vertices m edges and
suppose that |Vi| =ny, |V2] = ny. Then we have

m
Jnins
and if G is a regular bipartite graph, then the equality holds.

A= (2.2)

Proof.  Without loss of generality, we can assume that

Vl = {Ul, 027 MR vl’l]} and V2 = {Ul’l]-‘rl’ vn1+27 MR ] Un}-
Then A(G) can be written in the following form:

0, A
A(G) = [ T ] ,
A} Op,
where O,, 1s an n; x ny zero matrix and A is an n; X np submatrix of A(G).
Note that the sum of the entries of A; is m. Let

0 n
s=[25]
ny

By a simple calculation, we have p(B) = QIR where p(B) denotes the
largest eigenvalue of B. From lemma 2.1, we have A > —Z

. . . - nlnz. m
If G is a r-regular bipartite graph, then n; = nj. Thus, we have T =

r = A1. The proof is complete. o

Note 2. Since n1+ny > 2,/niny, it is easy to see that bound (2.2) is always better
than bound (2.1).

A 2 — (v, k, A)-design is a collection of k-subsets or blocks of a set of v
points, such that each 2-set of points lies in exactly A blocks. The design is called
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symmetric in case the number of blocks b equals v. The graph of a 2 — (v, k, 1)-
design is formed in the following way:

the b + v vertices of the graph correspond to the blocks and points of the
design with two vertices adjacent if and only if one corresponds to a block and
the other corresponds to a point contained in that block. Clearly the graph is
bipartite. Note that the graph of a symmetric 2 — (v, k, A)-design with v > k >
A > 0 has eigenvalues k, vk — A (with multiplicity v — 1), —vk — A (with multi-
plicity v — 1) and —k (see [3]).

Lemma 2.2. [3] For the bipartite graph G = (Vy, V; E) with |V|| = n; > ny =
|V>|, we have
n(G) = ny —na,

where 1(G) is the number of 0 as an eigenvalue of G.
Now we can give the main results of this paper.

Theorem 2.2. Let G = (Vi, Va; E) (|Vi| = n1 > np = |V,]) be a bipartite graph
on n vertices and m > n; edges. Then we have

2m m?
E(G) < m-l—Z (ny—1) (m—nlnz). (2.3)

Moreover, if n = 2v, 2/m < n < 2m and G is the graph of a symmetric
2 — (v, k, A)—design with k = 27’” and A = k(k__ll), then the equality holds.

v

Proof. 1f np = 1, then m = n;. By direction calculation, the equality of (2.3)
holds. In the following, we always assume that ny > 2.

From lemma 2.2 and the Coulson—Rushbrooke pairing theorem [3, theorem
3.11], we have

ny
E(G) =21 + 22%.
=2

Note that' > Alz = %ZLl A2 = m. Using this together with the Cauchy—
Schwartz inequality, we have

nj

ZAi < \/(nz— 1) (m—)%).

Thus, we have

E(G) <2A1 + 2\/(112 — 1) (m —23). (2.4)
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Let f(x) =2x —|—2\/(n2 — 1)(m — x?). By direct analysis we verify that f(x)
is a monotonically decreasing function in the interval ( /}’1"—2, ﬁ) In view of

m

J/ninz

m > nj, we see that /% < < A must hold. Hence we have from (2.4)

and theorem 2.1 that

EG<A<(m)—2m2 1( mz)
G) < fra) < f NGOG —m+ (nz—)m—nlnz-

If G is the graph of a symmetric 2— (v, k, A)-design satisfying the conditions
of theorem 2.2, by direction calculation, the equality holds. o

Note 3. Let ny,ny and m be integers satisfying that n = ny +ny > 3,n; > ny >
I,m > n; and g(x) = 2x + V(n=2)2m — 2x2). By direct analysis we verify

that the function g(x) monotonically decreases in the interval ( 27’" ﬁ) Since

m > nj, we have 2m > 2ny > n. Then we have \/;'1’72 > % > ,/27’“. Thus,
g(—2—) < g(2), that is

NZT
2m m?2 2m 2m\?
2 Jo=d (-2 <2(2) 4 [ (2-2(2))

2m

By direct calculation, we have
m? 2m
ea o (= Y < 2 e (2
Jninp ninjy /ninz
From the above two inequalities, we conclude that bound (2.3) is always
better than bound (1.4).

m?2
ninj

Theorem 2.3. Let G = (V{, V»; E) (V1| = n1 = ny = |V,]) be a bipartite graph
on n > 2 vertices. Then

E(G) < /niny(1 + /n2). (2.5)

Moreover, if n = 2v, and G is the graph of a 2— (u, U+2*5, U+iﬁ)7design,
then the equality holds.

Proof. By direct calculation, we have the left side of inequality (2.3) —
considered as a function of m — is maximized when

_ nny +niy/ny
N 2



718 J-M. Guo/Sharp upper bounds for total m-electron energy

holds. Inequality (2.5) now follows by substituting this value of m into (2.3).

If n = 2v, and G is the graph of a 2 — (v, U+2ﬁ, %ﬁ)-design, it is seen

that the equality holds. The proof is complete. i

Note 4. Since n1+ny > 2./n1ny, it is easy to see that bound (2.5) is always better
than bound (1.5).

References

[11 G. Caporossi, D. M. Cvetkovi¢, I. Gutman and P. Hansen, Variable neighborhood search for
extremal graphs. 2. Finding graphs with extremal energy, J. Chem. Inf. Comput. Sci. 39 (1999)
984-996.

[2] C. Coulson, B. O’Leary and R. Mallion, Hiickel theory for organic chemists, Academic Press,
London, (1978).

[3] D. M. Cvetkovi¢, M. Doob and H. Sachs, Spectra of graphs-Theory and Application, Deutscher
Verlag der Wissenschaften (Academic Press, Berlin-New York, 1980); 2nd ed. 1982; 3rd ed. (Joh-
ann Ambrosius Barth Verlag, Heidelberg-Leipzig, 1995).

[4] 1. Gutman, Bounds for total -electron energy, Chem. Phys. Lett. 24 (1974) 283-285.

[5] I. Gutman, Bounds for total m-electron energy of polymethines, Chem. Phys. Lett. 50 (1977)
488-490.

[6] 1. Gutman, The energy of a graph, Ber. Math.-Stat. Sekt. Forschungszent. Graz 103 (1978) 1-22.

[7]1 I. Gutman and O. E. Polansky, Mathematical concepts in organic chemistry (Springer, Berlin
Heidelberg New York, 1986).

[8] I. Gutman, Total m-electron energy of Benzenoid hydrocarbons, Topics Curr. Chem. 162 (1992)
29-63.

[9] I. Gutman, The energy of a graph: Old and new results, in: Algebraic Combinatorics and its
Applications, eds. A. Betten, et al. (Springer, Berlin Heidelberg New York, 2001) pp. 196-211.

[10] J. H. Koolen, V. Moulton and I. Gutman, Improving the McClelland inequality for total 7-
electron energy, Chem. Phys. Lett. 320 (2000) 213-216.

[11] J. H. Koolen and V. Moulton, Maximal energy graphs, Adv. Appl. Math. 26 (2001) 47-52.

[12] J. H. Koolen and V. Moulton, Maximal energy bipartite graphs, Graphs Comb. 19 (2003) 131-135.

[13] B. McClelland, Properties of the latent roots of a matrix: The estimation of r-electron energies,
J. Chem. Phys. 54 (1971) 640-643.



	Introduction
	Lemmas and results


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


